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Abstract

The paper deals with ground and underground horizontal cylindrical tanks supported at both
ends. The ground tanks are loaded with internal hydrostatic pressure and small negative press-
ure. On the other hand, the underground tanks are located in water containing soil and loaded
with external hydrostatic pressure. Critical states of both structures are determined based on
solving the equation of stability of cylindrical shell. The problem so defined has been converted
to calculation of critical thicknesses of walls for the family of circular cylindrical tanks of
different capacities. Critical sizes of the structures have been determined as functions of dimen-
sionless critical thickness and dimensionless tank length.
 2003 Elsevier Science Ltd. All rights reserved.
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1. Introduction

In order to design horizontal cylindrical tanks the strength and stability conditions
must be taken into account. Huang et al. [1] analytically and numerically determined
critical load of a horizontal circular cylindrical shell subject to three forces distributed
on small surfaces. Such a load causes a pure bending and occurs, first of all, in
industrial pipelines. Guarracino and Fraldi [2] analytically determined deformation
of circular cross section of a pipe subject to pure bending. Chan et al. [3, 4] presented
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Nomenclature

aij matrix coefficients
b convexity of head of tank
n natural number
t thickness of the cylindrical shell
h0 depth of foundation
wi parameters of deflection function
ak pressure parameters
gm1, gm2 specific weight of liquid
L length of the cylindrical shell
R radius of the cylindrical shell
V0 capacity of the tank

research results related to stability of horizontal shells pivoted at both ends and filled
with a fluid. They proposed expressions of admissible stresses using known analytical
solutions for axial compression or pure bending of cylindrical shell. They compared
the results of their experiment with appropriate values determined based on British
and European Standards. Kacperski [5] carried out an experimental research of a real
horizontal cylindrical vessel filled with water and pivoted at both ends. Increasing its
length by welding further cylindrical segments, maintaining their constant diameter
and wall thickness, he caused a loss of stability of the structure. The wall buckled
in middle part of the tank. Saal [6] carried out experimental laboratory investigation
of buckling process of horizontal thin cylindrical shells filled with water. He determ-
ined a proportion between the dimensions of cylindrical shells for various levels of
water, for which the structure lost its stability. Magnucki and Stasiewicz [7, 8] by
means of FEM analytically and numerically determined critical state of horizontal
cylindrical shell filled with liquid and supported at both ends. Stasiewicz [9]
presented further steps of stability research of such a shell. Magnucki [10] provided
optimal dimensions of horizontal cylindrical tanks with convex heads, filled with
water, taking into account the strength and stability conditions. Ziółko [11] provided
detailed principles for designing of the tanks of various shapes, considering their
real manufacturing conditions. The conditions determining shaping of the structures
result chiefly from their purposes and all the factors affecting security of their use
should be taken into consideration.

2. Stability of horizontal cylindrical tanks

Ground and underground horizontal tanks supported at both ends have been ana-
lyzed (Fig. 1). The ground tanks filled with a liquid are loaded with internal hydro-
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Fig. 1. Ground and underground horizontal tanks.

static pressure and small negative pressure (external pressure) p01, therefore total
pressure

p(j) � gm1R(1�cosj)�p01 � gmR(1�2a1�cosj), (1)

where: R is the radius of cylindrical shell; gm1 is the specific weight of liquid;

a1 �
p01

2gm1R
is the pressure parameter. The underground tanks are empty and located

in water containing soil at the depth h0, therefore their sole load is an external hydro-
static pressure

p(j) � �gm2R(1�cosj)�gm2h0 � �gm2R(1�2a2�cosj), (2)

where: gm2 is the specific weight of water; a2 � �
h0

2R
is the pressure parameter.

Forces of the pre-buckling state [10], determined based on linear equations of
equilibrium of cylindrical shell, are equal to:

N0
xx �

4
p3gkL

2cosj·cos
px
L

� akgkR2, N0
xj �

4
p2gkLRsinj·sin

px
L

, N0
xx (3)

�
4
p
gkR2(cosj�1)cos

px
L

� 2akgkR2, k � 1,2

where: g1 � gm1, g2 � �gm2.
Donnell’s equation of stability of cylindrical shells [12] (Fig. 2) in x, j coordinates

may be written as follows

D�8w �
Et
R2

∂4w
∂x4 � �4�N0

xx

∂2w
∂x2 � 2N0

xj

∂2w
R∂x∂j

� N0
jj

∂2w
R2∂j2� � �4p, (4)

where: w � w(x,j) is the deflection of the shell; D �
Et3

12(1�n2)
is the bending stiff-
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Fig. 2. Cylindrical shell of horizontal tanks.

ness; E i n is Young’s modulus and Poisson ratio; t is the thickness of the shell,

�8 � (�2)4,�2 �
∂2

∂x2 �
∂2

R2∂j2 is the Laplace operator.

The equation of stability for the analyzed load case may be solved only approxi-
mately. It is useful to make use of Galerkin’s method that required assuming a
deflection function. It should be noticed that selection of appropriate deflection func-
tion is of great importance for the solution. Experimental research carried out by
Kacperski [5] and Saal [6] are very helpful in this case. Taking into account the
shape of buckled structure the deflection of the shell has been assumed in the form
of the following function

w(x,j) � t(w2 � 2�5

i � 3

wicos(i�2)j)cosnj·cos
px
L

, (5)

where: wi is the free parameters of deflection function (i � 2,3,4,5); n is the natural
number (n � 2,3,4,...).

For this purpose it is assumed that boundaries of the cylindrical shell are pivoted
(Fig. 2), i.e. the deflection and bending moment are equal to zero. Therefore, the
function (5) meets such an assumption. Thus, Galerkin’s ortogonalization condition
is of the form

�
L /2

�L /2

�
2p

0

�D�8w �
Et
R2

∂4w
∂x4 � �4�N0

xx

∂2w
∂x2 � 2N0

xj

∂2w
R∂x∂j

� N0
jj

∂2w
R2∂j2

�p(j)��·fi(j)cos
px
L

djdx � 0

where: fi(j) � cos(i�2)j·cosnj, i � 2,3,4,5.
Hence, integration provides four homogeneous linear algebraic equations
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�
a22 a23 0 0

�a32 a33 �a34 0

0 �a43 a44 �a45

0 0 �a54 a55

��	
w2

w3

w4

w5


 � 0
→

, (6)

where:

a23 �
8

3p2�3
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R2l4, Cn±r � (n ± r)2
l2

p2, r � 0, 1, 2, 3.

Another coefficients aij are similar, therefore not presented here.
A condition for existence of the solution is zero value of determinant of the system

of Eq. (6), i.e.

det�
a22 a23 0 0

�a32 a33 �a34 0

0 �a43 a44 �a45

0 0 �a54 a55

� � 0. (7)

Coefficients aij of the equation include material constants (E, n), specific weight of
the liquid gk, pressure parameter, ak, and basic dimensions of the cylindrical shell.
Therefore, taking into account the load conditions, solution of the Eq. (7) expresses
a relationship between three basic dimensions of the shell (thickness, t; radius, R;
length, L) determining critical state of the structure.
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3. Critical sizes of horizontal cylindrical tanks

A horizontal cylindrical tank (Fig. 1) is composed of a cylindrical shell, two heads
and two supports. The heads are usually convex. For the analysis a tank with classic
ellipsoidal heads has been assumed, of relative height b � b /R � 0.5. Capacity of
such a tank is a sum of capacity of two heads and that of the cylindrical shell

V0 � 2Vd � Vw, (8)

where: Vd �
p
3

R3 is the capacity of ellipsoidal head (b � 0.5R); Vw � pR2L is the

capacity of cylindrical shell. Hence, the radius of the tank, i.e. cylindrical shell

R � 3� 3V0

p(2 � 3l)
. (9)

On substituting the expression into the coefficients aij of stiffness matrix of the
shell, the condition (7) enables numerical determining of critical value of relative
wall thickness (t /R)CR of the tank, for its fixed volume V0 and various relative length
values l � L /R.

4. Numerical analysis

The research is made on a family of circular cylindrical tanks of capacities
V0 � 100, 200, and 300 m3. Material constants of the steel: Young’s modulus
E � 2.1·105 MPa Poisson ratio n � 0.3. Ground tanks are filled with water of spe-
cific weight gm � 9.81 kN/m3 and loaded with additional external pressure p0 �
0.01 MPa or p0 � 0.1 MPa. The underground tanks are empty and located in water

containing soil (gm � 9.81 kN/m3) at two depths h0 � 1 m or h0 � 10 m. Supports
of the tanks are of anchor type and prevent them from floating up to the ground sur-
face.

Based on the condition (7) relative critical thickness values (t /R)KR of the walls
of examined tanks have been calculated. Results of the analysis for ground tanks
are presented in Figs. 3 and 4, while those for the underground ones are shown in
Figs. 5 and 6. Bottom curves are related to the volume V0 � 100 m3, while the upper
ones are related to the volume V0 � 300 m3. The distance between these curves
depends on the values of additional negative pressure or on the depth of tank foun-
dation (pressure parameters a1, a2). For the ground tanks loaded with greater nega-
tive pressure p0 � 0.1 MPa the curves almost coincide each other (Fig. 4), while for
underground tanks founded at small depth h0 � 1 m the curves are noticeably separ-
ated (Fig. 5). The region below the curves corresponds to unstable state, while over
them corresponds to a stable one. The curves located at the border of both regions
describe critical state of the structure. For purpose of practical calculations the use
of envelope of the curves is more convenient. The envelopes for consecutive families
of the curves have been approximated by a function in the form
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Fig. 3. Relative critical thickness of ground tanks (p0 � 0.01 MPa).
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Fig. 4. Relative critical thickness of ground tanks (p0 � 0.1 MPa).

� t
R�CR

� b1�L
R�b2

, (10)

where: b1, b2 are the parameters the values of which for the ground tanks are shown
in Table 1, while for the underground ones are shown in Table 2. Due to proximity
of the curves for underground tanks and negative pressure p0 � 0.01 MPa (Fig. 3)
only two volumes V0 � 100 m3 (the bottom curves) and V0 � 300 m3 (the upper
curves) have been introduced. The difference of critical wall thicknesses for these
tanks is less than 4%. On the other hand, for the ground tanks and negative pressure
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Fig. 5. Relative critical thickness of underground tanks (h0 � 1 m).
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Fig. 6. Relative critical thickness of underground tanks (h0 � 10 m).

p0 � 0.1 MPa (Fig. 4) only one envelope for the volume V0 � 300 m3 is left, as for
the other volumes the curves are very similar.

In the case of underground tanks founded at h0 � 1 m (Fig. 5) three envelopes
for the tanks of the volumes V0 � 100, 200, and 300 m3 have been introduced, due
to bigger differences in wall thicknesses. For underground tanks founded at h0 �
10 m (Fig. 6) only two volumes V0 � 100 m3 (the bottom curves) and V0 �
300 m3 (the upper curves) have been introduced. The difference of critical wall

thicknesses for these tanks is less than 3%.
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Table 1
Values of parameters b1, b2 of the envelope (10) for ground tanks

p0 � 0.01 MPa p0 � 0.1 MPa

V0 � 100 m3 V0 � 300 m3 V0 � 300 m3

b1 0.001094 0.001142 0.002930
b2 0.3676 0.3640 0.4010

Table 2
Values of parameters b1, b2 of the envelope (10) for underground tanks

h0 � 1 m h0 � 10 m

V0 � 100 m3 V0 � 200 m3 V0 � 300 m3 V0 � 100 m3 V0 � 300 m3

b1 0,002613 0,002821 0,003080 0,003608 0,003710
b2 0,2775 0,2715 0,2539 0,3610 0,3606

The expression (10) may be of practical meaning for designing of horizontal cylin-
drical tanks. Additional load of the tank (p0 � 0.1 MPa or h0 � 10 m) corresponds
to overload of the structure. The envelopes are shown in Fig. 7 and/LINK Fig. 8
for ground and underground tanks of the volume V0 � 300 m3.
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Fig. 7. Critical sizes of horizontal tanks (V0 � 100 m3).
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Fig. 8. Critical sizes of horizontal tanks (V0 � 300 m3).

5. Conclusions

The wall of cylindrical shell of a ground or underground tank is subject to non-
homogeneous stress. As there are the regions where compression occurs, buckling
becomes possible. Equations of stability have been solved for cylindrical shell, pro-
viding critical dimensions of the structure. It was ascertained, based on numerical
analysis, that in case of similar loads critical thickness of the wall of underground
tank exceeds that of the ground one.
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